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Kolmogorov’s Similarity hypothesis (1941) 

Kolmolgorov also hypothesized: 

In Turbulent flow, a range of scales exists at very high Re where staVsVcs of 
moVon in a range    (for                          ) have a universal form that is 
determined only by    (dissipaVon) and independent of    (kinemaVc viscosity). 

•  smallest scales receive energy  at a rate proporVonal to the dissipaVon rate (  ) 

  With this he defined the Kolmogorov scales (dissipaVon scales): 

•  length scale: 

•  Vme scale: 

•  velocity scale: 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Spectral representaVon of turbulence 

•  Fourier decomposiVon of a signal =>  the signal (e.g., velocity) is represented by 
a series of sine and cosine waves of different amplitudes and wavelengths (in 1D): 

where k is the wavenumber (wavelength λ=2π/k) (See Pope 6.4 and Appendix 
D,E,F,G or the handout from Stull 88 for details) 

•  Fourier transforms are useful to study the energy content of a signal with 
respect to scale (size of moVons).  They are also used in numerical methods and 
many other applicaVons. 

•  The energy content of a signal can be represented by the Energy spectral 
density: 

where 

and  



4 

Spectral representaVon of turbulence 

•  What are the implicaVons of Kolmolgorov’s hypothesis for E(k)? 

By dimensional analysis we can find that: 

•  This expression is valid for the range of length scales    where                           
and is usually called the inerVal subrange of turbulence.  

•  graphically: 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•  We now have a descripVon of turbulence and the range of energy containing scales 
(the dynamic range) in turbulence 

•  In CFD we need to discreVze the equaVons of moVon (see below) using either 
difference approximaVons (finite differences) or as a finite number of basis funcVons 
(e.g., Fourier transforms) 

•  To capture all the dynamics (degrees of freedom) of a turbulent flow we need to 
have a grid fine enough to capture the smallest and largest moVons (   and     ) 

•  From K41 we know                         and we have a conVnuous range of scales between     
   and   

•  We need          points in each direcVon.  Turbulence is 3D => we need N~Re9/4 points. 

Degrees of freedom and numerical simulaVons 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Degrees of freedom and numerical simulaVons 

•  When will we be able to directly simulate all the scales of moVon in a turbulent 
flow? (Voller and Porté‐Agel, 2002, see handouts for the full paper) 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EquaVons of MoVon 

•  Turbulent flow (and fluid dynamics in general) can be mathemaVcally described by 
the Navier‐Stokes equaVons (see Bachelor, 1967 for a derivaVon of equaVons) 

•  we use the conVnuum hypothesis (e.g.,            mean free path of molecules) so that 

•  For incompressible flow:  

‐ ConservaVon of Mass (divergent free velocity field): 

‐  ConservaVon of Momentum: 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EquaVons of MoVon 

•  If we nondimensionalize these equaVons with a velocity scale and a length scale 
(for example the Freestream velocity and the BL height in a boundary layer) 

•  We get (where the * is a nondimensional quanVty):  

‐ ConservaVon of Mass: 

‐  ConservaVon of Momentum: 

where Re is based on our velocity and length scales =>  

•  For a general scalar quanVty we have: 

where Sc is the Schmidt number, the raVo of the diffusivity of momentum (viscosity) 
and the diffusivity of mass (for temperature we use the Prandtl number Pr).  Sc is of 
order 1 (Pr for air ≈ 0.72) 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ProperVes of the Navier‐Stokes equaVons 

•  Reynolds number similarity: For a range of Re, the equaVons of moVon can be 
considered invariant to transformaVons of scale. 

•  Time and space invariance: The equaVons are invariant to shims in Vme or space.  
i.e., we can define the shimed space variable 

•  RotaVonal and ReflecVon invariance: The equaVons are invariant to rotaVons and 
reflecVons about a fixed axis. 

•  Invariance to Vme reflecVons: The equaVons are invariant to reflecVons in Vme. 
They are the same going backwards or forwards in Vme =>  

•  Galilean invariance: The equaVons are invariant to constant velocity translaVons.   


