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The filtered kinePc energy equaPon 

•  In addiPon to mass and momentum (see Lecture 5), we also want to look at the 
filtered kine+c energy equa+on for incompressible flow 

‐  We can find an equaPon for the filtered kinePc energy by filtering the kinePc 
energy field:  

where     is the total filtered kinePc energy.  

‐  The total filtered kinePc energy can be  decomposed into a resolved part (     ) and 
a SFS component (     ): 

                                                               where 

‐ An equaPon for      can be derived by mulPplying the filtered momentum equaPon 
by      => 

(see Pope pg. 585 or Piomelli et al., Phys Fluids A, 1991) 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•  The SFS dissipa+on     in the resolved kinePc energy equaPon is a sink of resolved kinePc 
energy (it is a source in the      equaPon) and represents the transfer of energy from 
resolved SFSs.  It is equal to: 

•  It is referred to as the SFS dissipaPon as an analogy to viscous dissipaPon (and in the 
inerPal subrange     = viscous dissipaPon). 

•  On average     drains energy (transfers energy  
down to smaller scale) from the resolved scales. 

•  Instantaneously (locally)     can be posiPve  
or negaPve. 

‐ When     is negaPve (transfer from  
SFSResolved scales) it is typically  
termed backsca8er 

‐When    is posiPve it is somePmes  
referred to as forward sca8er. 

•  CalculaPng the correct average     is another necessary (but not sufficient) condiPon for 
an LES SFS model (to go with our N‐S invariance properPes from Lecture 2). 

Transfer of energy between resolved and SFSs 

Resolved scales  SGS scales 

π/Δ 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Filtering the compressible N‐S equaPons 

•  What happens when we apply a filter to the compressible N‐S equaPons? 

‐ Conserva+on of Mass for compressible flow: 

•  filtering each term => 

•  How can we avoid having a SFS conservaPon of mass? 

‐Density weighted filtering: 

•  Formalized for compressible flow by Favre (Phys. Fluids, 1983) for ensemble 
staPsPcs, a Favre (or density weighted) filter is defined by: 

where we note that as compressibility becomes less important 
and we can show that the conservaPon of mass becomes:  

results in an SFS term! 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Filtering the compressible N‐S equaPons 

•  We can use this to write the Favre filtered equaPons of moPon (see Geurts pg 32‐35 or 
Vreman et al. Applied Sci. Res. 1995 for details) 

‐ Conserva+on of Mass: 

‐ Conserva+on of Momentum: 

where the SFS terms are collected on the RHS of the equaPon and we now have 
both a resolved (     ) and SFS (               ) viscous contribuPon because                   is a 
funcPon of the Favre filtered temperature and 

                                                       => nonlinear viscous stress tensor 

                                                       => “smooth” viscous stress tensor 

•  The SFS stress tensor for the Favre filtered equaPons is given by 

which is obtained from the nonlinear term => 

Recall: strain rate tensor 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Filtering the compressible N‐S equaPons 

‐Conserva+on of total energy: 

where the LHS contains the SFS terms created using the procedure used in Lecture 5 for  

⇒  kinePc energy transferred from resolved to SFSs 

⇒  pressure velocity SFS term (effect of SFS turbulence on 
the conducPon of heat at resolved scales 

⇒  compressibility effects (vanishes for incompressible) 

⇒  conversion of SFS kinePc energy to internal energy by 
viscous dissipaPon 
⇒  SFS viscous stress term 

⇒  SFS heat flux term (Note qj is the heat flux vector) 

Typically assumpPons that                         and                     are made eliminaPng a5 and a6 . 


